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Abstract: We apply recently developed path integral resummation methods to perturba-
tive quantum gravity. In particular, we provide supporting evidence that eikonal graviton
amplitudes factorize into hard and soft parts, and confirm a recent hypothesis that soft
gravitons are modelled by vacuum expectation values of products of certain Wilson line
operators, which differ for massless and massive particles. We also investigate terms which
break this factorization, and find that they are subleading with respect to the eikonal am-
plitude. The results may help in understanding the connections between gravity and gauge
theories in more detail, as well as in studying gravitational radiation beyond the eikonal
approximation.
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1. Introduction
Perturbative quantum gravity has been well-studied over many decades, in the form of
general relativity minimally coupled to matter particles (see [1] for a recent review), as
well as alternative theories. Although the pitfalls of such an approach are well-known –
chiefly that quantum general relativity contains non-renormalizable ultraviolet divergences
– it is nevertheless useful for a number of reasons. Firstly, one may treat perturbative
quantum gravity as an effective theory, and calculate loop corrections to gravitational
observables. Secondly, it may well be the case that if a consistent quantum theory of gravity
is found, it shares features with quantized general relativity. This motivates the study of
features in this theory which, it may be argued, should be generically shared by alternatives.
A third reason for studying gravity is that there are intriguing connections between the
structure of perturbative scattering amplitudes in gravity and non-abelian gauge theories
(e.g. [2, 3, 4, 5, 6, 7]). A possible application of these ideas is, for example, that of settling
the question of whether N = 8 supergravity is ultraviolet finite [8, 9, 10, 11, 12].
In light of the above remarks (and as stressed recently in [13]), an interesting prop-
erty of perturbative gravity is the structure of infrared singularities. One might hope, for
example, that the infrared behaviour of alternative (possibly UV finite) quantum grav-
ity theories shares at least some of the features that underly quantum GR coupled to
matter. Furthermore, the structure of IR singularities in renormalizable gauge theories is
well-understood. IR divergences cancel between real and virtual contributions for suffi-
ciently inclusive observables [14]. The singularity structure nevertheless becomes relevant
in that it affects residual large contributions to the perturbative expansion of physical
cross-sections which must be resummed to all orders in the coupling constant in order to
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obtain sensible physical predictions. Resummation is by now a highly developed subject
in both abelian [15] and non-abelian gauge theories. A number of approaches exist, such
as Feynman diagram methods [16, 17], Wilson line techniques [18, 19], effective field the-
ories [20, 21, 22, 23, 24, 25], and the recently developed path integral approach of [26].
Crucial to all these approaches is the notion of factorization, namely that scattering ampli-
tudes separate into a hard interaction, which is infrared finite, and a soft function, which
contains all infrared singularities. These are generated by the emission of soft (zero momen-
tum) gauge bosons between the external lines of the amplitude, referred to in the literature
as the eikonal approximation1 . Such factorization properties are important both for resum-
mation applications, and also for understanding the structure of infrared singularities to
all orders [33, 34, 35, 36, 37, 38, 39, 40, 41].
The same physics also governs the infrared properties of perturbative gravity ampli-
tudes, as first analysed in [32]. Recently, Naculich and Schnitzer have reconsidered the
structure of gravitational IR divergences [13]. The main point of their paper is to argue
that infrared singularities at all orders are generated by the exponentiation of the one-loop
divergence i.e. that there are no subleading divergences. Their argument is based upon
the assumption that gravitational amplitudes factorize in the same way that gauge theory
amplitudes do, in terms of hard and soft functions. That is, the n-graviton scattering
amplitude (adopting the notation of [13]) may be written
An = Sn ·Hn, (1.1)
where Hn is IR-finite, and Sn collects all IR singularities, generated by soft graviton ex-
change. They make the further hypothesis that, by analogy with gauge theory, the soft
function can be expressed as a vacuum expectation value:
Sn =
〈
0
∣∣∣∣∣
n∏
i=1
Φpi(0,∞)
∣∣∣∣∣ 0
〉
, (1.2)
containing the Wilson line operators2
Φp(a, b) = P exp
(
iκ
∫ b
a
ds piµpiνh
µν(sp)
)
, (1.3)
where there is one such operator associated with each external line of the amplitude (with
momentum pi). Here h
µν is the graviton field (we will define this more carefully in what
follows), and κ = 32πG, where G is Newton’s constant. The line integral in eq. (1.3) is
over a straight line contour, parametrized by s.
The aim of this paper is to examine these hypotheses within the path integral resum-
mation framework of [26], which was developed in the context of abelian and non-abelian
1When amplitudes involve massless external particles, hard collinear singularities must also be taken
into account in so-called jet functions [27, 28, 29, 30, 31]. These are not usually considered in gravity, as
collinear singularities cancel after summing over all emitting particles [32].
2These operators describe the emission of soft gravitons from hard emitting particles, and should not
be confused with the parallel transport operator of general relativity, defined in terms of the Christoffel
symbol, which is also sometimes referred to in Wilson line terms.
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gauge theory. The main purpose of that paper was to address corrections to the eikonal
approximation, and the result was a systematic classification of the next-to-eikonal con-
tributions to scattering amplitudes – that is, those which occur at first subleading order
in an expansion of the amplitude in the momenta of emitted gauge bosons. The results
were subsequently confirmed using Feynman diagrammatic methods in [42], and have also
been used to classify the structure of (non-abelian) soft gluon corrections in multiparton
processes, generalising the concept of webs from two parton scattering [43, 44, 45] to the
multiparton case [46, 47]3. The results of [26] show that the structure of a scattering
amplitude A subject to soft photon emissions has the schematic form
A = A0 exp
[∑
GE
GE +
∑
GNE
GNE
]
(1 +Arem.) . (1.4)
Here A0 is the hard interaction amplitude undressed by soft photons, and the exponent
contains connected subdiagrams (which span the external lines) GE and GNE at eikonal
and next-to-eikonal order respectively. A set of effective Feynman rules for forming these
diagrams has been given in [26, 42], which generalize the well-known eikonal Feynman
rules to subleading order in the momentum expansion. The term Arem. in eq. (1.4) is also
next-to-eikonal order, but does not formally exponentiate. It consists of diagrams in which
eikonal photons are emitted from an external line and land inside the hard interaction. We
may call these internal emission diagrams to distinguish them from the external emission
diagrams which enter the exponent, and their origin makes clear that they can be thought
of directly as a breaking of the factorization of the amplitude into hard and soft parts.
Although internal emission contributions do not formally exponentiate, they do have an
iterative structure to all orders in perturbation theory, which is fixed by gauge invariance
by a result known as the Low-Burnett-Kroll theorem [57, 58] (see also [59] for a further
generalization). Examples of internal and external emission contributions are shown in
figure 1.
Although the case of abelian gauge theory is described in the preceding paragraph, a
very similar structure occurs in non-Abelian theories (essentially, the sum over connected
diagrams in eq. (1.4) is replaced by a sum over so-called webs, as described in [43, 44, 45,
48, 46, 47]). We will see in this paper that the same general structure is also observed in
perturbative gravity, assuming that the infrared properties can be analysed independently
of the uncertain UV completion of the theory. In particular, we will derive directly the
appropriate form of the Wilson line operator which describes soft graviton emissions, as well
as the appropriate gravitational generalization of Low’s theorem, which shows that internal
emission contributions in gravity are subleading with respect to the eikonal approximation,
as is also the case in gauge theory. These results strengthen the hypotheses made in [13],
and may also shed more light on the correspondence between gauge theory and gravity.
There are also phenomenological motivations for studying corrections to eikonal grav-
ity. The latter has been used in a variety of recent applications, in particular the study
3See also [48] for an alternative viewpoint on multiparton webs. Other work on next-to-eikonal correc-
tions can be found in [49, 50, 51, 52, 53, 54, 55, 56].
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Figure 1: Examples of (a) a generic hard interaction with outgoing particles, which may emit soft
gauge bosons; (b) an external emission contribution; (c) an internal emission contribution.
of transplanckian scattering in different gravitational theories. This has a number of po-
tential uses, such as investigating whether different gravity theories have the same long
distance behaviour [60], or even what potential collider signatures are in extra dimension
scenarios [61]. The classification of corrections to the eikonal approximation, as examined
in this paper, may allow further study of these and related subjects.
The structure of the paper is as follows. In section 2 we describe the path integral
framework for scalar particles emitting soft gravitons, adapting the approach used for
abelian gauge theory in [26], and derive the form of the Wilson line operator for soft gravi-
tons. In section 3 we discuss how gauge invariance can be used to constrain factorization-
breaking terms, and discuss how this relates to Low’s theorem [57] in QED. In section 4
we discuss our results before concluding.
2. Path integral approach to soft graviton amplitudes
In this section, we will consider the scattering amplitude for L scalar particles, dressed by
any number of soft gravitons. Although pure multigraviton amplitudes were considered
in [13], scalar particles will be sufficient for our purposes, due to the fact that eikonal
gravitons are insensitive to the spin of the particle which emits them [32].
The action for general relativity minimally coupled to a (complex) scalar field is given
by
Sgrav = SE.H.[g
µν ] + Smat[φ
∗, φ, gµν ], (2.1)
here SE.H. is the Einstein-Hilbert action (which must be suitably gauge-fixed in order to
define the graviton propagator), and4
Smat[φ
∗, φ, gµν ] =
∫
ddx
√−g [−gµν∂µφ∗∂νφ−m2φ∗φ] , (2.2)
in d dimensions, where g is the determinant of the metric tensor gµν . Perturbation theory
can then be defined after expanding the metric tensor about the flat space Minkowski
4Note that we use the metric (-,+,+,+), as in [26].
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metric ηµν . As explained in e.g. [1], there is an ambiguity in how one performs the weak
field expansion. Here we adopt the approach of [62], and define
g˜µν =
√−ggµν . (2.3)
This introduces a Jacobian in principle in eq. (2.2), although this may be taken to be one
in dimensional regularization [1]5. We then define the graviton field hµν via
g˜µν = ηµν + κhµν , (2.4)
where κ2 = 32πG as in [13]. Note that symmetry of the metric tensor implies hµν = hνµ.
One could also have chosen, of course, to expand the metric gµν directly. However, the
choice of eq. (2.4) results in simpler expressions for the scalar-graviton vertices. We will
return to this point later on when discussing next-to-eikonal corrections.
With the above definition for hµν one has [62]
√−g = 1 + κ
d− 2h
α
α + κ
2
[
(hαα)
2
(d− 2)2 −
hαβhαβ
d− 2
]
+O(κ3). (2.5)
Furthermore, the inverse of g˜µν is given by [63]
g˜µν = ηµν − κhµν + κ2h αµ hαν +O(κ2). (2.6)
The action of eq. (2.2), evaluated to quadratic order in κ, is thus
Smat[φ
∗, φ, hµν ] =
∫
ddx {−ηµν∂µφ∗∂νφ− κhµν∂µφ∗∂νφ
−m2φ∗φ− m
2κ
d− 2
[
hαα + κ
(
(hαα)
2
(d− 2) − h
αβhβα
)]
φ∗φ
}
. (2.7)
For what follows it is useful to write this as
S = −
∫
ddxφ∗Sˆφ, (2.8)
where the quadratic operator Sˆ is given by
Sˆ = −ηµν∂µ∂ν − κ(∂µhµν)∂ν − κhµν∂µ∂ν +m2
+
m2κ
d− 2
[
hαα + κ
(
(hαα)
2
(d− 2) − h
αβhβα
)]
(2.9)
(n.b. we have integrated by parts where necessary, neglecting surface terms).
The starting point of the path integral approach of [26] is to separate the gauge field
(here the graviton) into hard and soft modes. That is, in the path integral which defines
the quantum gravity theory, one may write∫
Dhµν =
∫
Dhµνh Dhµνs , (2.10)
5Many other field redefinitions are possible instead of that of eq. (2.3). See [2] for a recent proposal in
the context of exploring the factorization of gravity amplitudes into gauge theory amplitudes.
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where hµνh and h
µν
s contain only hard and soft modes in momentum space respectively. The
exact details of this definition (which may proceed e.g. by constructing an explicit hyper-
surface in the multigraviton momentum space which separates hard and soft parts) need
not concern us, as discussed in [26] for the QED case. However, we note that this separa-
tion breaks the full gauge invariance of the gravity theory. Under a gauge transformation,
the graviton behaves as
hµν(x)→ hµν(x) + ∂µξν(x) + ∂νξµ(x) (2.11)
where x denotes 4-position. A general gauge function ξµ (defined in position space) will
in general have both soft and hard modes in momentum space, so that gauge transforma-
tions exist which violate the separation into soft and hard modes introduced in eq. (2.10).
However, a residual gauge invariance remains, namely that one may transform hµν in mo-
mentum space according to any transformation6
hµνh,s(k)→ hµνh,s(k) + kµξνh,s(k) + kνξµh,s(k) (2.12)
in which the gauge function ξµh,s contains only hard or soft modes as required. This sym-
metry will be sufficient to derive the structure of factorization-breaking corrections from
internal emission graphs in section 3.
We now consider the Green’s function for the scattering of L scalar particles which,
after performing the above separation of the graviton field, may be written
G(p1 . . . , pL) =
∫
Dhµνs H(x1, . . . , xL)eiSE.H.[h
µν
s ]
L∏
j=1
〈pj|(Sˆ − iǫ)−1|xj〉. (2.13)
Here H(x1, . . . , xL) is the hard interaction, which produces scalar particles at 4-positions
{xi}, whose external momenta are given by {pi}. This is directly analagous to the hard
interaction given for the QED case in [26], except for the fact that this will now consist
of a sum of Feynman diagrams involving hard graviton modes, rather than hard photon
modes. There are also integrations over the positions {xi}, which we do not show explicitly
in eq. (2.13). Associated with each external line is a propagator for a scalar particle
in a background soft gravitational field. According to the well-known definition of the
propagator, this is given by the inverse of the quadratic operator Sˆ for the scalar field φ,
which includes the relevant gravitational interactions as shown in eq. (2.9). The propagator
is sandwiched between states of given initial position and final momentum. The latter
is due to the fact that Green’s functions (and, consequently, scattering amplitudes) are
usually considered in momentum space. The former arises because, in what follows, we
will interpret soft graviton scattering in terms of the space-time worldlines of the emitting
scalars which participate in the hard interaction.
The next step is to note that the propagator factors in eq. (2.13) can be expressed in
terms of first quantized path integrals. Such a technique arose some years ago [64, 65, 66],
6We use the same symbol to denote the position- and momentum-space graviton fields, where the
argument of the field removes any ambiguity.
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motivated by string theoretic approaches to field theory amplitudes [67, 68] (see also [69]
for an example of worldline techniques applied in a resummation context). Here we shall
quote the result as written in [26], that the propagator factors appearing in eq. (2.13) may
be written
〈pj |(Sˆ − iǫ)−1|xj〉 = 1
2
∫
∞
0
dT
∫ p(T )=pj
x(0)=xj
DpDx exp
[
− ip(T ) · x(T )
+i
∫ T
0
dt(p · x˙− Hˆ(p, x))
]
, (2.14)
where
Hˆ =
1
2
Sˆ. (2.15)
Some explanatory comments are in order. Firstly, there is a double path integral over the
position and momentum trajectories of the particle, which are parametrized in terms of
a time-like variable t (the upper limit of T will eventually be taken to ∞, corresponding
to the final state). The boundary conditions are that the particle must be produced at
position xj (x(0) = xj), and end up with final momentum pj (p(T ) = pj). Equation (2.14)
arises as the solution of a Schro¨dinger equation for a certain evolution operator formed
out of Sˆ, and indeed has the recognizable Feynman path integral representation, where
the second term in the exponent is the classical action formed out of the “Hamiltonian”
Hˆ. The first term in the exponent arises due to the fact that we are sandwiching the
propagator between position and momentum states, rather than two position states. Note
that the path integral over x in eq. (2.14) has a clear physical interpretation in terms of
a sum over all possible spacetime trajectories of the scalar particle whose final momentum
is pj . This will be crucial to isolating the properties of the eikonal approximation (and
beyond) in what follows.
From eqs. (2.9) and (2.15), we find that the appropriate Hamiltonian operator for a
scalar particle coupled to gravity is (dropping the subscript s on the soft graviton field hµνs ,
which we do from now on)
Hˆ = −1
2
ηµν∂µ∂ν − κ
2
(∂µh
µν)∂ν − κ
2
hµν∂µ∂ν
+
1
2
m2 +
m2κ
2(d− 2)
[
hαα + κ
(
(hαα)
2
(d− 2) − h
αβhβα
)]
, (2.16)
which in momentum space (pµ = i∂µ)
7 becomes
Hˆ =
1
2
(p2 +m2) +
κ
2
pµpνh
µν +
iκ
2
pν(∂µh
µν)
+
m2κ
2(d − 2)
[
hαα + κ
(
(hαα)
2
(d− 2) − h
αβhβα
)]
, (2.17)
7Care must be taken with the sign of the momentum operator, which is here chosen to ensure consistency
with the diagrammatic calculation of appendix B.
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so that the propagator function of eq. (2.14) becomes
〈pj|(Sˆ − iǫ)−1|xj〉 = 1
2
∫
∞
0
dT
∫ p(T )=pj
x(0)=xj
DpDx exp
{
−ip(T ) · x(T ) + i
∫ T
0
dt
[
p · x˙
− 1
2
(p2 +m2)− κ
2
pµpνh
µν − iκ
2
pν(∂µh
µν)
− m
2κ
2(d− 2)
[
hαα + κ
(
(hαα)
2
(d− 2) − h
αβhβα
)]]}
. (2.18)
At this point, we can recover the eikonal approximation. Recalling that this corre-
sponds to the momentum k of any emitted gravitons being completely soft (k → 0), this
means that the emitting scalar particles do not recoil. Thus, they follow the straight line
classical trajectories
x(t) = xj + pjt. (2.19)
Subeikonal corrections correspond to a systematic expansion about this trajectory. That
is, for each external line one writes
x(t)→ xj + pjt+ x(t), p(t)→ pj + p(t), (2.20)
where the boundary conditions for the transformed variables are x(0) = p(T ) = 0. One
then finds [26]
〈pj|(Sˆ − iǫ)−1|xj〉 = 1
2
∫
∞
0
dTe−ipj ·xj−
1
2
(p2j+m
2)T f(T ), (2.21)
where
f(T ) =
∫ p(T )=0
x(0)=0
DpDx exp
{
i
∫ T
0
dt
[
p · x˙− 1
2
p2 − κ
2
(pjµ + pµ)(pjν + pν)h
µν
− iκ
2
(pjν + pν)(∂µh
µν)− m
2κ
2(d − 2)
[
hαα + κ
(
(hαα)
2
(d− 2) − h
αβhβα
)]]}
. (2.22)
The path integral over p is Gaussian, and may be performed explicitly. First, one writes
eq. (2.22) as
f(T ) =
∫ p(T )=0
x(0)=0
DpDx exp
[
i
∫ T
0
dt
(
−1
2
pµA
µνpν +B
µpµ + C
)]
, (2.23)
where we have defined
Aµν = ηµν + κhµν ;
Bµ = x˙µ − κpjνhµν − iκ
2
∂νh
νµ;
C = −κ
2
pjµpjνh
µν − iκ
2
pjν∂µh
µν − m
2κ
2(d− 2)
[
hαα + κ
(
(hαα)
2
(d− 2) − h
αβhβα
)]
, (2.24)
and also used the fact that hµν = hνµ. Using standard results for Gaussian integrals gives
f(T ) =
∫
Dx exp
[
i
∫ T
0
dt
(
1
2
Bµ(A−1)µνB
ν + C
)]
, (2.25)
– 8 –
where we have ignored an overall normalization constant (which is cancelled upon correctly
normalising the measure for the path integral). Noting that Aµν as defined in eq. (2.24)
is just the metric tensor g˜µν of eq. (2.3), its inverse is simply (A−1)µν = g˜µν , as given in
eq. (2.6). Then eq. (2.25) gives (after some tedious algebra)
f(T ) =
∫
Dx exp
{
i
∫ T
0
dt
[
x˙2
2
− κ
2
x˙µhµν x˙
ν − κpjαhµαx˙µ − iκ
2
(∂αh
αν)x˙ν
+
κ2
2
x˙µx˙νh αµ hαν + κ
2pjαh
µαhµν x˙
ν +
iκ2
2
(∂βh
βν)hµν x˙
µ +
κ2
2
pjαpjβh
µαh βµ
+
iκ2
2
pjαh
α
ν (∂βh
βν)− κ
2
8
(∂αh
αµ)(∂βh
β
µ)−
κ
2
pjµpjνh
µν − iκ
2
pjν∂µh
µν
−m
2
2
κ
(d− 2)h
µ
µ −
m2κ2
2
(
(hαα)
2
(d− 2)2 −
hαβhβα
d− 2
)]}
. (2.26)
One may relate all this back to the eikonal scattering amplitude as follows. After
combining eq. (2.26) into eq. (2.21) and substituting the resulting propagator factors into
the Green’s function of eq. (2.13), one finds (after truncating the external lines with free
scalar propagators as required by the LSZ formula) that the scattering amplitude for L
scalar particles has the form (see the derivation in [26])
A(p1, . . . , pL) =
∫
DhµνH(x1, . . . , xL)eiSE.H.[hµν ]
∞∏
j=1
e−ipj ·xjfj(∞). (2.27)
That is, each external line is associated with a factor fj(∞), given by eq. (2.26) with
T → ∞, which still implicitly includes a path integral over all possible trajectories of
particle j. We will shortly analyse this result further, but first note that eq. (2.27) has the
form of a generating functional for a quantum field theory, i.e. for the soft graviton field.
The external line factors act as source terms in this theory which, as can be seen from
eq. (2.26), generate soft graviton emission vertices localized along the external lines. The
Feynman diagrams generated by eq. (2.27) are thus subdiagrams in the full theory, which
span the external lines. Given that connected diagrams exponentiate in quantum field
theory, we can immediately conclude that a large class of soft graviton corrections (namely
those consisting of connected subdiagrams formed from the Feynman rules derivable from
eq. (2.26)) exponentiate. This is a generalization of the original result in [32], which is
based solely on the eikonal contributions. The argument given here for the exponentiation
of soft graviton corrections based on the textbook exponentiation properties of connected
diagrams in quantum field theory is essentially exactly the same as the argument used for
QED in [26]8.
Let us now physically interpret the various terms in the external line factor of eq. (2.26)
in more detail. First, note that the Feynman rules generated by each term cannot be
immediately read off, due to the fact that for each external line the path integral over
8Strictly speaking, exponentiation of connected diagrams holds only subject to the condition that the
source terms for the gauge field are mutually commuting. This is true for gravity and abelian gauge theories,
but is not the case in non-Abelian gauge theories, where a more sophisticated treatment of exponentiation
is then required [26, 46, 48].
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trajectories x(t) has yet to be carried out. However, as shown in [26], this can be done
by systematically expanding about the classical trajectory. The leading term (as already
remarked above) gives the eikonal approximation, in which the particles do not recoil. The
first subleading corrections give the next-to-eikonal corrections, and further corrections are
next-to-next-to-eikonal etc. Put another way, an expansion about the classical trajectories
of the hard emitting particles (in position space) is entirely equivalent to an expansion in the
momenta of the emitted gravitons (a momentum space expansion). We may evaluate the
eikonal contribution in eq. (2.26) by setting x(t) = p(t) = 0, and also neglecting terms which
are quadratic in hµν (these lead to two-graviton emission vertices, which are suppressed
with respect to the eikonal limit, due to having one less eikonal denominator compared with
two separate graviton emissions). One may also neglect any terms containing derivatives
of the graviton field, as these (in momentum space) will be suppressed by powers of the
graviton momentum. The result is
fEik.j (∞) =
∫
Dx exp
[
i
∫
∞
0
dt
(
−κ
2
pjµpjνh
µν − m
2
2(d− 2)ηµνh
µν
)]
. (2.28)
Carrying out the path integral over x gives unity assuming the appropriate normalization,
and thus the eikonal approximation for the scattering amplitude is
A(p1, . . . , pL) =
∫
DhµνH(x1, . . . , xL)eiSE.H.[hµν ]
∞∏
j=1
e−ipj ·xj exp
[
i
∫
∞
0
dt
(
−κ
2
pjµpjνh
µν
− m
2
2(d− 2)ηµνh
µν
)]
. (2.29)
In fact, up to next-to-eikonal corrections, one may set the initial positions of the external
lines to xj = 0 [26], so that eq. (2.29) simplifies further to
A(p1, . . . , pL) = H(0, . . . , 0)
∫
DhµνeiSE.H.[hµν ]
∞∏
j=1
exp
[
i
∫
∞
0
dt
(
−κ
2
pjµpjνh
µν (2.30)
− m
2
2(d− 2)ηµνh
µν
)]
, (2.31)
where we have taken the hard interaction outside the path integral over the soft gauge
field. One thus sees that the amplitude has factorized explicitly into a hard and a soft
part, where the soft gravitons are described by the Wilson line factors
Φj = exp
[
i
∫
∞
0
dt
(
−κ
2
pjµpjνh
µν − m
2
2(d− 2)ηµνh
µν
)]
. (2.32)
The generating functional for the soft graviton field theory indeed generates vacuum expec-
tation values of these operators, as expressed in eq. (1.2). Let us now discuss the physics
of these operators in more detail.
Firstly, the first term in the exponent in eq. (2.32) agrees, up to a normalization
factor, with the hypothesized Wilson line operator of [13] (which dealt with pure graviton
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scattering, and thus massless external particles). Note, however, that the Feynman rule
for the soft graviton generated by this term is derived from
− iκ
2
∫
∞
0
dtpjµpjνh
µν(pjt) =
∫
ddk
(2π)d
(
κ
2
pµpν
p · k h
µν(k)
)
, (2.33)
where hµν(k) is the momentum space graviton field. The momentum space eikonal Feyn-
man rule is thus
κ
2
pµpν
p · k ,
whose normalization agrees with the result quoted in [13]. Thus, we maintain that eq. (2.32)
is correctly normalized.
Secondly, note that there is an additional contribution in the case in which the external
particles are massive, as has been considered here, which appears as the second term in
the exponent of eq. (2.32). Wilson line operators in conventional gauge theories are the
same for massless and massive particles, due to the fact that the mass does not source the
gauge field. Here, however, the mass plays the role of a gravitational charge, and thus we
expect such a dependence. Furthermore, such a term can be motivated on general Lorentz
invariance grounds, given that the exponent of the Wilson line operator can only depend
on the properties of the emitting particle. That is, the prefactor which one contracts with
the graviton field can only depend upon pµ and m, and the only two combinations having
two Lorentz indices and the correct mass dimension are
pµpν , m
2ηµν ,
which indeed both occur.
Thirdly, it is interesting to note the behaviour of eq. (2.32) under rescalings of external
line momentum. In QED, the Wilson line operator has the form
ΦQED = exp
[
ie
∫
dtpµA
µ
]
, (2.34)
where e is the electromagnetic charge. This leads to the momentum-space eikonal Feynman
rule
pµ
p · k (2.35)
for emission of a soft photon of momentum k, and this latter expression is manifestly invari-
ant under the transformation p → λp, corresponding to the invariance of eq. (2.34) under
reparametrizations of the Wilson line. By contrast, the eikonal Feynman rules generated
from eq.(2.32) do not have this property. Rather, they can be written in the form
κ
2
[
pµ
(
pν
p · k
)
+m
(
ηµν
2(d− 2)
m
p · k
)]
. (2.36)
The quantities in the round brackets are both manifestly scale invariant under rescalings
of the external momentum. These are then multiplied respectively by factors of pµ and
m, namely by gravitational charges. Thus, the eikonal Feynman rules in gravity have the
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form of a scale-invariant (in p) quantity multiplied by a charge, which is exactly what one
expects by analogy with abelian and non-abelian gauge theories.
The curious reader may wonder about the presence of poles in d − 2 in the Wilson
line operators. As discussed in e.g. [1], perturbation theory becomes singular in d = 2
dimensions, owing to the fact that the Einstein-Hilbert action is then a topological invariant
(i.e. there is no non-trivial dynamics). Whether or not such poles occur in the Wilson line
operators is dependent on the choice of weak field approximation. If one expands the
metric itself rather than absorbing
√−g, the (d − 2) poles instead occur in the graviton
propagator, such that one can never get rid of them, as expected from their physical origin.
Above, we have confirmed the factorization property of soft graviton amplitudes in
the eikonal approximation, in terms of vacuum expectation values of appropriate Wilson
line operators. Some comments are in order regarding the plethora of additional terms in
eq. (2.26). As explained in [26], the path integral over x in eq. (2.26) can be systematically
expanded about the leading eikonal term. This was done for the case of abelian and non-
abelian gauge theory by defining p = λn, where λ → ∞ isolates the eikonal term, and
n2 = 0 or n2 = 1 for massless and massive particles respectively. The path integral could
then be done perturbatively in λ−1 (also taking care to expand the argument of each gauge
boson field), leading to a set of next-to-eikonal Feynman rules. There were two types
of next-to-eikonal vertex: those involving a single photon or gluon emission, and those
involving two gauge bosons emitted from the same position on the external line. These
vertices were then confirmed by an explicit diagrammatic treatment in [42].
A similar procedure is possible in the present case. Note, however, that the simple
scaling pj = λnj does not solely isolate the eikonal term as λ → ∞. Instead, eq. (2.26)
becomes (as λ→∞)
lim
λ→∞
f(T ) =
∫
Dx exp
{
i
∫ T
0
dt
[
−κλ
2
2
njµnjνh
µν − λ
2m2κ
d− 2 ηµνh
µν +
λ2κ2
2
njαnjβh
µαh βµ
−λ
2m2κ2
2
(
(hαα)
2
(d− 2)2 −
hαβhβα
d− 2
)]}
. (2.37)
The first two terms are the eikonal contribution of eq. (2.32), whereas the last two term
are two-graviton vertices, which have no analogue in the case of abelian or non-abelian
gauge theory. They are clearly suppressed in the eikonal limit, as such vertices have one
less eikonal denominator than two separate eikonal emission vertices. The above remarks
imply that the λ scaling of [26] is not quite correct as a systematic method for expanding
about the eikonal approximation9, although does indeed lead to correct results for the
gauge theories studied in that paper. The extra terms arise here essentially because of the
weak field expansion, which allows the possibility to construct terms which are quadratic in
external momenta or masses, and quadratic (or higher) in the graviton field. Such terms are
absent in QED, where no weak field expansion is needed. In any case, it is straightforward
to isolate next-to-eikonal contributions from power-counting, even if one does not use the
9We will see in what follows, however, that the third term in eq. (2.37) is cancelled upon performing the
path integral over the trajectory x.
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λ-expansion (which amounts to little more than a convenient book-keeping device where
applicable). To calculate the next-to-eikonal graviton Feynman rules, one must perform
the path integral perturbatively as explained in appendix B of [26]. Here we perform this
calculation in appendix A, with the result that, up to next-to-eikonal order, the external
line factor of eq. (2.26) may be written (taking T →∞)
f(∞) = exp
{∫
ddk
(2π)d
hµν(k)
[
κ
2
pµpν
p · k −
κ
4
p(µkν)
p · k +
m2
2
κ
(d− 2)
ηµν
p · k +
κ
4
k2
(p · k)2 pµpν
+
m2
4
κ
d− 2
k2
(p · k)2 ηµν
]
+
∫
ddk
(2π)d
∫
ddl
(2π)d
hµν(k)hαβ(l)
[
−κ
2
16
(
pα pβ p(µkν)
p · k p · (k + l)
+
pα pβ p(µ lν)
p · l p · (k + l) + (µν ↔ αβ)
)
+
κ2
8
pµ pν pα pβ (k · l)
p · k p · l p · (k + l) −
m2κ2
16(d− 2)
(
ηµν p(α kβ)
p · k p · (k + l)
+
ηµν p(α lβ)
p · l p · (k + l) + (µν ↔ αβ)
)
+
m2κ2
8(d − 2)
(
ηµν pα pβ (k · l)
p · k p · l p · (k + l) + (µν ↔ αβ)
)
+
m4κ2
8(d− 2)2
ηµν ηαβ (k · l)
p · k p · l p · (k + l) +
m2κ2
4p · (k + l)
(
2ηµν ηαβ
(d− 2)2 −
1
d− 2(ηµβ ηνα + ηνβ ηµα)
)]}
.
(2.38)
Here we have written the exponent explicitly in momentum space, where we use the ar-
gument of the graviton field to identify its Fourier-transform. From eq. (2.38) one can
easily read off the effective Feynman rules for graviton emission up to NE order. There are
eikonal and NE one-graviton vertices given by
κ
2
1
p · k
[
pµpν +
m2
d− 2ηµν
]
(2.39)
and
κ
4
[
−p(µkν)
p · k +
k2
(p · k)2
(
pµ pν +
m2
d− 2ηµν
)]
(2.40)
respectively, where the eikonal result for massless particles is already well-known [32].
There is also an effective two-graviton vertex, given by
κ2
16
1
p · k p · l p · (k + l)
{
−
[(
pαpβ +
m2
d− 2ηαβ
)(
p(µkν)(p · l) + p(µlν)(p · k)
)
− 2m
2
d− 2ηµνpαpβ(k · l) + (µν ↔ αβ)
]
+ 2pµ pν pα pβ(k · l) + 2m
4
(d− 2)2 ηµνηαβ(k · l)
+4m2(p · k)(p · l)
(
2ηµνηαβ
(d− 2)2 −
1
d− 2 (ηµβηνα + ηνβηµα)
)}
. (2.41)
One expects such a vertex for two reasons. Firstly, whilst successive graviton emissions are
completely decoupled in the eikonal approximation, this is not expected to hold beyond the
– 13 –
eikonal approximation, such that one expects two-graviton correlations. Secondly, there is
an exact two-graviton vertex in the theory (as discussed in appendix B), which forms part
of the result of eq. (2.41). It is useful to cross-check the above results using diagrammatic
methods, as has been carried out for the case of QED and QCD in appendix B of [26]. We
present such a calculation for the present case in appendix B of this paper.
The above results imply that a subset of next-to-eikonal corrections exponentiates at
NE order in perturbative quantum gravity. Namely, connected external emission graphs
formed from effective eikonal and NE Feynman rules, where each graph contains at most
one NE vertex. Some further comments are in order regarding the results we have obtained.
To start with, one may question how useful the NE Feynman rules are in practice.
Eikonal Feynman rules tell us about infrared singularities, which may be expected to be
somewhat universal in alternative field theories of gravity. Next-to-eikonal corrections are
non-singular, and thus potentially tell us less about generic infrared features of gravity
theories. Furthermore, the fact that perturbative GR coupled to matter is not UV renor-
malizable suggests that an expansion in the momenta of emitted gravitons may cease to
be meaningful at some point. Thus, one should be wary of taking any NE corrections
too seriously. What matters in the above analysis is merely that in the soft limit, we
have shown that the eikonal approximation leads to Wilson line operators as hypothesized
in [13], where factorizable corrections are genuinely subleading in that they do not produce
IR singularities. We have also clarified the situation when external particles have non-zero
mass.
Another important point is that unlike in abelian and non-abelian gauge theory, the NE
Feynman rules are not unique. They depend on the nature of the weak field approximation
used to define the graviton field (e.g. whether one expands gµν or g˜µν). This is not the case
for the eikonal terms in four dimensions. We have verified by explicit calculation (which
we do not consider worth recording here) that the Wilson line operator which occurs upon
expanding gµν rather than g˜µν is
Φj = exp
[
i
∫
∞
0
dt
(
−κ
2
pjµpjνh
µν − m
2
4
ηµνh
µν
)]
. (2.42)
Comparing this with eq. (2.34), we see that the two Wilson line operators are equal for
d = 4. They are also automatically equal for massless external particles. The next-to-
eikonal terms, however, would differ between the two calculations, due to extra terms
originating from the expansion of
√−g in the kinetic energy term for the scalar field.
Such differences presumably cancel at the level of full diagrams (as the choice of weak
field approximation shuffles contributions between different vertices), but it is still true
that a level of ambiguity occurs in thinking about NE Feynman rules that is absent in
conventional gauge theories, as a weak field expansion is not necessary in the latter.
A further comment is in order regarding the weak field approximation. In the above
analysis, we have performed two expansions. Firstly, we have separated the graviton field
into hard and soft modes, and used this as a basis for an expansion in the momenta of
emitted gravitons. Secondly, we have expanded the graviton field itself in the gravitational
coupling constant κ. In the latter expansion, we kept terms only up to O(κ2). How
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(a) (b)
...
H
...
H
Figure 2: Example external emission graphs which exponentiate at next-to-eikonal order, where
• represents a next-to-eikonal vertex, the doubled gluon line a graviton, and all other vertices are
assumed to be eikonal.
can we be sure that by including higher order terms, we do not induce further (next-to)
eikonal corrections? To see that this is not the case, it suffices to note that any power
of κ is accompanied by a further power of the graviton field hµν , whose Lorentz indices
must be appropriately contracted with other factors of hµν , x˙µ, pµj , p
µ or ∂µ in eq. (2.26).
This always results in a multigraviton vertex, which is suppressed with respect to the
appropriate number of eikonal 1-graviton vertices due to the fact that it lacks at least one
eikonal denominator. The fact that all vertices at O(κn) generate n-graviton vertices also
shows that for next-to-eikonal corrections it is sufficient to expand only up to O(κ2), as we
have done above. This is itself interesting, as it shows that the momentum expansion and
weak field expansions are partially correlated in a well-defined sense (although there is, of
course, a tower of subleading momentum terms at any given order in κ).
It follows from the above discussion that the NE Feynman rules will contain 1-graviton
and 2-graviton vertices. It then follows (as for the eikonal corrections) that a large class
of next-to-eikonal graviton corrections exponentiates, namely those graphs containing con-
nected subdiagrams involving one next-to-eikonal Feynman rule. Examples are shown in
figure 2. Thus, the exponent of the scattering amplitude for L-particle scattering dressed
by soft gravitons has the same schematic form as the QED case of eq. (1.4). As in that
case, this is not the whole story. One may also get additional contributions from internal
emission diagrams such as that shown in figure 1(c), which explicitly break the factorization
of the scattering amplitude into hard and soft parts. These are known to be subleading
in the soft limit in conventional gauge theories [57, 58, 59]. It is likely, but not perhaps
obvious, that the same is true for gravity. This is the subject of the following section.
3. Factorization breaking terms
In the previous section, we applied the path integral resummation method of [26] to per-
turbative general relativity minimally coupled to a complex scalar field. We found that
the amplitude factorizes into hard and soft parts, where the latter is decribed by a vacuum
expectation value of Wilson line operators as in eq. (2.32). Explicit calculation yields dia-
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grams formed out of eikonal Feynman rules, which then exponentiate. Corrections to the
exponent are subleading, and consist of diagrams containing one next-to-eikonal Feynman
rule, with all other vertices eikonal. The aim of this section is to examine what hap-
pens when this factorization is broken, and to argue that, as in QED, such corrections are
next-to-eikonal, thus do not affect the structure of IR singularities.
First let us briefly recap what happens in QED. We denote by Hµ(p1, . . . pL; k) the sub-
amplitude for production of a soft photon emerging from the hard interaction H(p1, . . . pL)
with momentum k and with Lorentz index µ. Then gauge invariance may be applied to
show that Hµ is related to the hard interaction itself, up to next-to-eikonal order. More
specifically, this relation has the following form:
Hµ(p1, . . . pL; k) = −
L∑
j=1
qj
∂
∂pjµ
H(p1, . . . pL), (3.1)
where qj is the electric charge of particle j. This equation tells us that factorization
breaking terms are subleading with respect to the eikonal approximation. Furthermore,
their structure is completely fixed up to next-to-eikonal order. Such contributions do not
formally exponentiate (as do external emission graphs), but they do nevertheless have an
iterative structure to all orders in perturbation theory, as given by eq. (3.1). This equation
is an important ingredient in Low’s theorem [57, 58, 59], which relates the vertex function
in gauge theory to the vertex function with an additional emission of a gauge boson.
The above result suggests that we should attempt a similar strategy in quantum gravity.
That is, one may impose gauge invariance on the factorized form for the soft graviton
scattering amplitude, and check that this leads to extra contributions which are suppressed
with respect to the eikonal limit. As discussed in the previous section, the separation of the
graviton field into hard and soft modes has broken the full gauge invariance of the theory.
Nevertheless, the residual gauge symmetry under transformations of the type shown in
eq. (2.12) will be sufficient to derive a gravitational analogue of eq. (3.1).
Our starting point is the factorized form of the soft graviton amplitude of eq. (2.29),
where each external line factor is reduced to a Wilson line operator. Under a gauge trans-
formation (eq. (2.11)), the Wilson operators transform as
fj(h
µν + ∂µξν + ∂νξµ)→ f(hµν)e−iκpj ·ξj . (3.2)
Requiring that eq. (2.29) be gauge invariant then implies that the hard interaction trans-
forms as
H(x1, . . . xL;h
µν + ∂µξν + ∂νξµ) exp

iκ∑
j
pj · ξ(xj)

 . (3.3)
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Expanding both sides to first order in hµν and ξµ gives
H(x1, . . . , xL) +
∫
ddxHµν(x1, . . . xL;x) [h
µν(x) + ∂µξν(x) + ∂νξµ(x)]
= H(x1, . . . xL) +
∫
ddxHµν(x1, . . . , xL;x)h
µν(x)
+ iκ
∫
ddx

H(x1, . . . xL)∑
j
pjµδ(x− xj)

 ξµ(x), (3.4)
where all hard functions are evaluated with the untransformed graviton field hµν , and
Hµν(x1, . . . , xL;x) is the subamplitude for emission of a graviton from the hard interaction
at position x (this is the analogue of Hµ(x1, . . . , xL;x) in the QED case, whose Fourier
transform appears on the left-hand side of eq. (3.1)). Equation (3.4) simplifies to∫
ddxHµν(x1, . . . xL;x) [∂
µξν(x) + ∂νξµ(x)]
= iκ
∫
ddxH(x1, . . . xL)
∑
j
pjµδ(x− xj)ξµ(x), (3.5)
and integrating by parts on the left-hand side gives
−
∫
ddxξµ∂νH¯µν = iκ
∫
ddxH(x1, . . . xL)
∑
j
pjµδ(x − xj)ξµ(x), (3.6)
where H¯µν = Hµν +Hνµ. Due to the fact that ξ
ν is arbitrary, one may write
−∂νH¯µν = iκ
∑
j
pjµH(x1, . . . xL)δ(x − xj). (3.7)
In momentum space this becomes
−ikνH¯µν = iκ
∑
j
pjµH(p1, . . . , pj + k, . . . pL), (3.8)
and expanding this to O(k) gives
−kνH¯µν = κ
∑
j
[
pjµ + pjµk
ν ∂
∂pνj
]
H(p1, . . . , pL). (3.9)
The zeroth order term on the right-hand side cancels due to momentum conservation∑
j
pjµ = 0, (3.10)
and one finally finds
H¯µν = −κ
∑
j
pjµ
∂
∂pνj
H(p1, . . . , pL). (3.11)
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This is the gravitational equivalent of the QED result expressed by eq. (3.1). It forms part
of a gravitational version of Low’s theorem, and describes the result of internal emission
diagrams analagous to that shown in figure 1(c), in which a soft graviton emerges from
the hard interaction and lands on an external line. Clearly such diagrams are next-to-
eikonal from eq. (3.11). To see this, imagine starting with an external emission graph,
and taking one of the soft gravitons off an external line and into the hard interaction.
Such a replacement replaces an eikonal Feynman rule with the contribution of eq. (3.11),
and the resulting diagram thus has one less eikonal denominator of form p · k, therefore
is subleading with respect to the eikonal approximation. It is worth noting that one may
also derive eq. (3.11) from a traditional diagrammatic treatment - we present an example
calculation in appendix C.
There is also an additional contribution at NE order, corresponding to the fact that
the external lines do not start at the origin, but have non-zero initial 4-positions xj , as
taken into account by the factors e−pj ·xj in eq. (2.27). As in [26], one may evaluate
this contribution by writing the eikonal one-graviton source term for an external line of
momentum p as
κ
2
∫
ddk
(2π)d
hµν
p · k
(
pµ pν +
m2
d− 2ηµν
)
eix·k =
κ
2
∫
ddk
(2π)d
hµν
p · k
(
pµ pν +
m2
d− 2ηµν
)
(1+ ix ·k),
(3.12)
where we have expanded to NE order on the right-hand side. Combining the second term
on the right-hand side with the rest of eq. (3.11), the scattering amplitude is given by
A(p1, . . . , pL) =
∫
Dh eiSE.H.[h]



− L∑
j=1
pjµ
∂
∂pνj
H(p1 . . . , pL)

∫ ddk
(2π)d
hµν
+
∫
dxd1 . . . dx
d
LH(x1, . . . xn)

∑
j
∫
ddk
(2π)d
(ixj · k) h
µν
pj · k
(
pjµ pjν +
m2
d− 2ηµν
) e−i∑j xj ·pj


×
N∏
j=1
f(0, pj ;h), (3.13)
where we have explicitly reinstated the integrals over the initial positions of the external
lines, and f(0, pj ;h) is the external line factor starting at the origin for line j. Performing
the position integrals, one obtains
A(p1, . . . , pL) =
∫
Dh


∫
ddk
(2π)d
hµν(k)
L∑
j=1
[
−
(
pjµ pjν +
m2
d− 2ηµν
)
kσ
∂
∂pσj
− pµj
∂
∂pνj
]
×H(p1, . . . , pL)}
N∏
j=1
f(0, pj ;h). (3.14)
One sees that the result of the non-zero initial positions of the external lines is to add an
extra NE term involving momentum derivatives of the hard interaction. A similar result
occurs in QED and QCD, and it is useful to physically interpret this extra contribution.
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In abelian and non-abelian gauge theory, massless particles give rise to collinear as well
as soft singularities, and one may write the scattering amplitude in the factorized form
(analagous to eq. (1.1))
A = H · S ·
L∏
j=1
Jj . (3.15)
Here H and S are the hard and soft functions, where the latter collects all singularities due
to the emitted gauge boson momenta satisfying k → 0. Furthermore, Jj is a jet function,
and contains all singularities arising from hard emissions which are collinear to the outgoing
particle of momentum pj
10. Del Duca has shown [59] that in such cases there are extra
contributions to the Low-Burnett-Kroll theorem due to emissions of soft gluons from inside
the jet functions. This is indeed the physical meaning of the additional term in eq. (3.14).
One would not ordinarily write jet functions in perturbative gravity, due to the fact that
hard collinear singularities cancel after summing over all external particle lines and using
momentum conservation [32]. However, if one is interested in the structure of next-to-
eikonal corrections, there are such terms which do indeed come from emissions within jet
functions, and which do not cancel after summing over parton legs (due presumably to the
fact that the additional term in eq. (3.14) is quadratic in each external momentum). It
may thus be useful to consider jet functions in gravity after all.
In this section, we have investigated the structure of terms which break the factoriza-
tion of soft graviton amplitudes into hard and soft parts, and found contributions whose
physical meaning is that of emission of soft gravitons from inside the hard and jet func-
tions. All such contributions are subleading with respect to the eikonal approximation,
thus verifying the factorization of graviton ampitudes at eikonal order. Furthermore, the
structure of soft graviton amplitudes up to NE order has the same schematic form as in
QED or QCD, namely that of eq. (1.4). External emission graphs (consisting of connected
subdiagrams formed out of eikonal and next-to-eikonal Feynman rules) formally exponenti-
ate, whereas internal emission graphs have an iterative structure and do not formally enter
the exponent.
4. Discussion
In this paper, we have studied the recent hypothesis made in [13], that soft graviton ampli-
tudes factorize into hard and soft functions, as do gauge theory amplitudes. Our analysis
relied on path integral resummation techniques developed in the context of abelian and
non-abelian gauge theory [26], which allow an efficient classification of the structure of
scattering amplitudes including subleading corrections with respect to the eikonal approx-
imation. We find that gravity amplitudes have the same schematic structure as in gauge
theory, as written here in eq. (1.4). That is, eikonal graphs exponentiate (as already
known [32]), and next-to-eikonal graphs can be separated into external and internal emis-
sion contributions. External emission graphs are connected subdiagrams formed out of
10Note there is an overlap between S and Jj , namely when singularities become soft and collinear. This
is usually dealt with by dividing either the soft or jet functions by the eikonal jet functions evaluated in
the soft limit, which removes any double counting.
– 19 –
effective eikonal and next-to-eikonal Feynman rules, whose form we derived in this paper.
Internal emission graphs consist of soft gravitons which are emitted from inside the hard
interaction, or jet functions associated with each external line. External emission graphs
formally exponentiate, whereas internal emission graphs have an iterative structure to all
orders in perturbation theory. Importantly, internal emission graphs are subleading with
respect to the eikonal approximation.
Note that, as in the cases of QED and QCD considered in [26], one may quibble
whether it is really valid to separate internal and external emission contributions as far as
exponentiation is concerned, or even what is meant by next-to-eikonal exponentiation at
all. After all, upon performing the exponent of the NE external emission contributions,
any term involving products of two or more NE terms is NNE order or higher, such that
eq. (1.4) is formally equivalent to
A = A0 exp
[∑
GE
GE
](
1 +
∑
GNE
GNE +Arem.
)
, (4.1)
in which formula external and internal emission contributions are on the same footing.
Nevertheless, it is true that the former genuinely exponentiate, whereas the latter have an
iterative structure and thus must be calculated differently. Furthermore, either eq. (1.4) or
eq. (4.1) allow NE contributions to be calculated to all orders in perturbation theory, even
if this is really a consequence of the exponentiation of eikonal terms, as shown explicitly
in eq. (4.1).
Aside from the structure of NE effects, an important question regarding these results
is: have we formally proved the factorization of graviton amplitudes (albeit those involving
only scalar external lines) into hard and soft parts? After all, the path integral technique
we have used starts off by assuming that we may separate the gauge field into hard and
soft modes, and that the resulting exponential structure captures all singularities. It may
perhaps be prudent to regard the results we have obtained as being supporting evidence for
the factorization property of amplitudes, rather than a rigorous proof. Nevertheless, it is
very strong evidence, for a number of reasons. Firstly, we have analysed corrections which
explicitly break the factorization property (i.e. internal emission graphs), and found these
to be subleading in the momenta of the emitted gluons. We showed this using both the
path integral framework, and also using diagrammatic methods (although this is essentially
the same calculation, as it is gauge invariance that ultimately fixes these contributions).
Secondly, we find that the structure of eikonal and next-to-eikonal contributions is exactly
analagous to that of QED and QCD. This suggests that the qualitative structures one finds
in the infrared limits of both gauge and gravity theories are somewhat generic. In gauge
theories, the factorization property (together with the structure of the NE Feynman rules)
is indeed explicitly corroborated using diagram-based methods, which gives us confidence
that the same would be true for gravity. A more formal proof of the factorization of gravity
amplitudes may perhaps proceed using a power-counting analysis based upon the Landau
equations associated with the singularities of Feynman diagrams, as has been carried out
in gauge theories (see e.g. [70] for a pedagogical review).
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We are also able to confirm the hypothesis of [13] that the soft graviton part of the
scattering amplitude is described by a vacuum expectation value of certain Wilson line
operators, with one such operator associated with each external line. This in itself is not
so surprising: in the eikonal approximation external particles do not recoil, and thus can
only be changed by a phase. If this phase is to have the correct gauge transformation
properties to slot into an amplitude, then some sort of Wilson line operator is inevitable.
In gravity, the Wilson line operator can only depend upon pµ pν and m
2ηµν due to Lorentz
invariance. It is therefore reassuring to have verified that this is indeed the case. The fact
that massive external particles give an additional contribution to the Wilson line operator
is also expected, given that pµ and m play the role of charges in gravity. The exponent
should consist of charges multiplying factors which are invariant under rescalings of the
external momenta, which is indeed the case.
In this paper we have considered scalar particles emitting soft gravitons. One could
also consider the more phenomenologically relevant examples of fermions, gauge bosons
or hard gravitons emitting gravitational radiation. This should make no difference to
the eikonal approximation, which is known to be insensitive to the spin of the emitting
particles [32]. Beyond the eikonal approximation, and by analogy with the QED case
examined in [26, 42] one expects NE corrections which are insensitive to the spin of the
emitting particle, together with additional contributions which couple graviton emissions
to the spin of the emitter. For fermions, this would need an appropriate curved space
formulation of the second order fermion action [71], which was used in [26] to analyse
fermions in the path integral approach to soft gauge boson emission.
The results presented here provide further insight into the relationships between gauge
theories and perturbative quantum gravity. They may also be useful in phenomenological
applications of gravitational physics e.g. extending results obtained in the eikonal approxi-
mation for transplanckian scattering [61, 60]. The investigation of such higher order effects
in both gravity and gauge theories is ongoing.
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A. NE Feynman rules from the path integral approach
The aim of this appendix is to explicitly carry out the path integral of eq. (2.26), perturba-
tively about the classical trajectory. We will keep terms up to and including next-to-eikonal
corrections, for which a weak field expansion to O(κ2) is sufficient. The calculation closely
follows that of the QED case in appendix B of [26].
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We begin by noting that the first term in the exponent of eq. (2.26) defines the
quadratic operator (after taking T →∞)
i
∫
∞
0
dt
x˙2
2
≡
∫
∞
0
dtxµ
(
− i
2
ηµν
d2
dt2
)
xν , (A.1)
where we have integrated by parts on the right-hand side. The propagator for the xµ
coordinate is given by the inverse of this operator, which is [26]
G(t, t′) = imin(t, t′)ηµν . (A.2)
This in turn leads to the following correlators, which we will need in what follows:
〈xµ(t)xν(t′)〉 = G(t, t′) = imin(t, t′)ηµν
〈x˙µ(t)xν(t′)〉 = ∂G(t, t
′)
∂t
= iΘ(t′ − t)ηµν (A.3)
〈x˙µ(t)x˙ν(t′)〉 = ∂
2G(t, t′)
∂t∂t′
= iδ(t − t′)ηµν ,
where Θ(t− t′) is the Heaviside function. Note that the second and third correlators vanish
at equal times (t = t′). To see this, one may use finite difference formulae consistent with
the space-time discretization assumed in the path integral derivation of [26] to write
〈xµ(t)x˙ν(t)〉 = lim
ǫ→0+
〈xµ(t)[xν(t+ ǫ)− xν(t)]〉
ǫ
= 0, (A.4)
where we have used the first correlator of eq. (A.3) for the final equality. Likewise, one
may write
〈x˙µ(t)x˙ν(t)〉 = −〈xµ(t)x¨ν(t)〉 (A.5)
(using integration by parts), which gives
〈xµ(t)x¨ν(t)〉 = − lim
ǫ→0+
〈xµ(t)[xν(t+ 2ǫ)− xν(t+ ǫ) + xν(t)]〉
ǫ2
= 0. (A.6)
We now consider the external line factor of eq. (2.26), where for brevity in what follows
we write pj → p. Furthermore, we may use the symmetry of hµν to rewrite eq. (2.26) in
the T →∞ limit as
f(∞) =
∫
Dx exp
{
i
∫
∞
0
dt
[
x˙2
2
− κ
2
p(ν x˙µ)h
µν − iκ
2
(∂µh
µν)x˙ν +
κ2
8
(pν pβ ηαµ + pµ pβ ηαν
+pν pα ηβµ + pµ pα ηβν)h
µνhαβ − κ
2
pµ pνh
µν − iκ
4
p(ν∂µ)h
µν − m
2
2
κ
d− 2ηµνh
µν
+
iκ2
4
p(νηµ)βh
µν(∂αh
αβ)− m
2κ2
2
(
ηµν ηαβ
(d− 2)2 −
(ηµβ ηνα + ηνβηµα)
2(d − 2)
)
hµνhαβ
]}
(A.7)
In this expression, we have anticipated that some of the terms in eq. (2.26) will not lead
to NE contributions after carrying out the path integral, and so have already discarded
– 22 –
them (e.g. terms with both powers of x and more than one graviton tensor). Ignoring
terms which depend explicitly on m2 for the moment, one may expand the arguments of
the graviton tensors (each of which is evaluated at 4-position pµt+ xµ) where relevant to
give
f(∞) =
∫
Dx exp
{
i
∫
∞
0
dt
[
x˙2
2
− κ
2
p(ν x˙µ)h
µν − iκ
2
(∂µh
µν)x˙ν +
κ2
8
(pν pβ ηµα + pµ pβ ηαν
+pν pα ηβµ + pµ pα ηβν)h
µνhαβ − κ
2
pµ pν h
µν − κ
2
pµ pν(∂σh
µν)xσ
−κ
4
pµ pν(∂σ∂τh
µν)xσxτ − iκ
4
p(ν∂µ)h
µν − iκ
4
p(ν∂µ)(∂σh
µν)xσ (A.8)
+
iκ2
4
p(ν ηµ)βh
µν(∂αh
αβ)
]}
, (A.9)
where all graviton tensors are now evaluated on the classical trajectory. Also, we have
neglected terms of form xσx˙τ and x˙σx˙τ , which would vanish in the following calculation
due to the equal time commutators of eqs. (A.5) and (A.6). It is now convenient to
transform to momentum space (in order to ultimately be able to read off the momentum
space Feynman rules). Writing
hµν(x) =
∫
ddk
(2π)d
hµν(k)eik·p t, (A.10)
(where as in the rest of the paper we use the same symbol for the Fourier transformed
graviton field), the graviton contributions to the exponent in eq. (A.9) can be written
i
∫
∞
0
dt
{∫
ddk
(2π)d
hµν(k)eip·k t
(
−κ
2
p(ν x˙µ) +
κ
4
k(µx˙ν) −
κ
2
pµ pν − iκ
2
pµ pν k
σ xσ
+
κ
4
pµpν k
σ kτ xσ xτ +
κ
4
p(νkµ) +
iκ
4
p(νkµ)k
σ xσ
)
+
∫
ddk
(2π)d
∫
ddl
(2π)d
hµν(k)hαβ(l)eip·(k+l)t
[
−κ
2
4
p(νηµ)βkα +
κ2
8
(pν pβ ηαµ + pµ pβ ηαν
+pν pα ηβµ + pµ pα ηβν)
]}
. (A.11)
In this expression, the terms with no x powers are
i
∫
∞
0
eip·k t
[
−κ
2
pµ pν +
κ
4
p(νkµ) −
κ2
4
eip·l tp(νηµ)βkα +
κ2
8
eip·l t (pν pβ ηαµ + pµ pβ ηαν
+pν pα ηβµ + pµ pα ηβν)
]
, (A.12)
where to shorten the notation (and from now on) we omit the integrals over momenta
and the Fourier transformed graviton fields, which can easily be reinstated based on the
number of Lorentz indices in each term. The various terms in eq. (A.12) can immediately
be interpreted in terms of Feynman rules, as the remaining path integral over x gives unity,
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assuming the appropriate normalization. Terms with one power of xµ generate vertices for
the coordinate xµ, which we label as follows:
i
∫
∞
0
dteip·k t


(A)︷ ︸︸ ︷
−κ
2
p(ν x˙µ)+
κ
4
k(µx˙ν)︸ ︷︷ ︸
(B)
(C)︷ ︸︸ ︷
− iκ
2
pµ pν k
σ xσ +
iκ
4
p(νkµ)k
σ xσ︸ ︷︷ ︸
(D)

 . (A.13)
In carrying out the path integral over x to NE order, one must construct all tree level
graphs containing two such vertices. Again omitting the graviton fields and momentum
integrals, we start by considering the (A)–(A) combination, which tree level graph gives
1
2
(
− iκ
2
)2 ∫ ∞
0
dt
∫
∞
0
dt′ ei(p·kt+p·lt
′)〈[pν x˙µ(t) + pµx˙ν(t)][pβ x˙α(t′) + pαx˙β(t′)]〉, (A.14)
where the initial factor of 1/2 is a symmetry factor. Inserting the correlator of eq. (A.3),
eq. (A.14) becomes
− iκ
2
8
∫
∞
0
dt eip·(k+l)t [pν pβ ηαµ + pµ pβ ηαν + pν pα ηµβ + pµ pα ηβν ] . (A.15)
Note that this precisely cancels the contribution from the final term in eq. (A.12), which
thus does not result in a contribution to the effective Feynman rules at NE order.
Next, one has the (A)–(B) combination, which gives
(
− iκ
2
)(
iκ
4
)∫
∞
0
dt
∫
∞
0
dt′ ei(p·kt+p·lt
′)〈[pν x˙µ(t) + pµ x˙ν(t)][kαx˙β(t′) + kβ x˙α(t′)]〉
=
iκ2
8
∫
∞
0
dt eip·(k+l)t [pν kα ηµβ + pµ kα ηνβ + pνkβ ηµα + pµ kβ ηνα] . (A.16)
Exploiting the fact that there is an implicit factor of hµν(k)hαβ(l) in eq. (A.12), we may
further rewrite eq. (A.16) as
iκ2
16
∫
∞
0
dt eip·(k+l)t [pν kα ηµβ + pµ kα ηνβ + pνkβ ηµα + pµ kβ ηνα + (k ↔ l)] . (A.17)
By the same token, the third term in eq. (A.12) can be written
− iκ
2
16
∫
∞
0
dt eip·(k+l)t [pν kα ηµβ + pµ kα ηνβ + pν kβ ηµα + pµ kβ ηνα + (µ, ν, k ↔ α, β, l)] ,
(A.18)
The terms shown in eq. (A.18) precisely cancel eq. (A.17), and thus there is again no
contribution to the effective Feynman rules.
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Next up is the combination (A)–(C), which gives(
− iκ
2
)(κ
2
)
pα pβ k
σ
∫
∞
0
dt
∫
∞
0
dt′ei(p·kt+ip·lt
′)〈[pν x˙µ(t) + pµx˙ν(t)]xσ(t′)
=
κ2
4
pα pβ p(µkν)
∫
∞
0
dt
∫
∞
0
dt′Θ(t− t′)ei(p·kt+p·lt′)
= −κ
2
4
pα pβ p(µkν)
p · k p · (k + l)
≡ −κ
2
16
[
pα pβ p(µkν)
p · k p · (k + l) +
pα pβ p(µlν)
p · l p · (k + l) + (µν ↔ αβ)
]
, (A.19)
where have symmetrized over graviton indices in the final line. This is indeed a NE con-
tribution, and thus contributes to the effective two-graviton vertex.
By a similar procedure, one may evaluate the contributions from all other combinations
of the vertices in eq. (A.13). The reader may verify that (A)–(D), (B)–(B), (B)–(C), (B)–
(D), (C)–(D) and (D)–(D) do not give any contribution up to NE order. For (C)–(C), one
has
1
2
(κ
2
)2
pµ pν pα pβ k
σ lτ
∫
∞
0
dt
∫
∞
0
dt′xσ(t)xτ (t
′)ei(p·kt+p·lt
′)
= +
iκ2
8
pµ pν pα pβ k · l
∫
∞
0
dt
∫
∞
0
dt′ min(t, t′)ei(p·kt+ip·lt
′)
=
κ2
8
pµ pν pα pβ k · l
p · k p · l p · (k + l) . (A.20)
This is already symmetric under (µν ← αβ).
One must also consider the term in eq. (A.11) with two powers of x. This contributes
to a loop graph at NE order, which gives a contribution (including a symmetry factor of
1/2)
1
2
iκ
4
pµ pν k
σ kτ
∫
∞
0
dtxσ(t)xτ (t)e
ip·kt
= −κ
8
pµ pν k
2
∫
∞
0
dt teip·kt
=
κ
8
pµ pν k
2
(p · k)2 . (A.21)
This is already symmetric in µ and ν. Furthermore, the fact that this term is quadratic in
x means that the symmetry factor of 1/2 does not enter the resulting Feynman rule.
The uncancelled terms with no x powers from eq. (A.12) give
− iκ
2
pµ pν
∫
∞
0
dt eip·kt =
κ
2
pµ pν
p · k ;
iκ
4
p(µkν)
∫
∞
0
dteip·kt = −κ
4
p(µ kν)
p · k . (A.22)
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Above we have ignored m2 dependent terms, and it is straightforward to repeat the
above analysis for these. Expanding arguments of graviton tensors where necessary and
keeping only relevant terms, the mass-related terms in eq. (A.7) give
i
∫
∞
0
dt
[
−m
2
2
κ
d− 2ηµνh
µν − m
2
2
κ
d− 2ηµν(∂σh
µν)xσ − m
2
4
κ
d− 2ηµν(∂σ∂τh
µν)xσxτ
−m
2κ2
2
(
ηµν ηαβ
(d− 2)2 −
(ηµβ ηνα + ηνβ ηµα)
2(d − 2)
)
hµνhαβ
]
, (A.23)
which in momentum space becomes∫
∞
0
{∫
ddk
(2π)d
hµν(k)eip·kt
[
− im
2
2
κ
d− 2ηµν +
m2
2
κ
d− 2ηµν k
σ xσ +
im2
4
κ
d− 2ηµν k
σ kτ xσ xτ
]
+
∫
ddk
(2π)d
ddl
(2π)d
eip·(k+l)t
[
− im
2κ2
2
ηµν ηαβ
(d− 2)2 +
im2κ2
4
(ηµβ ηνα + ηνβ ηµα)
d− 2
]
hµν(k)hαβ(l)
}
.
(A.24)
The terms with no powers of x give (again omitting the graviton fields and momentum
integrals for brevity)
− i
∫
∞
0
dt eip·kt
m2
2
κ
d− 2ηµν =
m2
2
κ
d− 2
ηµν
p · k ; (A.25)∫
∞
0
dt eip·(k+l)t
(
− im
2κ2
2
)[
ηµν ηαβ
(d− 2)2 −
1
2(d − 2)(ηµβ ηνα + ηνβ ηµα)
]
=
m2κ2
4p · (k + l)
[
2ηµν ηαβ
(d− 2)2 −
1
(d− 2)(ηµβ ηνα + ηνβ ηµα)
]
. (A.26)
The term in eq. (A.24) which has one power of x gives a vertex for xµ
m2
2
κ
d− 2
∫
∞
0
eip·ktηµν k
σxσ. (A.27)
Labelling this by (E), one must consider all tree level graphs in which (E) is contracted
with one of the vertices (A) to (D) of eq. (A.13). First of all, (E)–(A) gives
m2
2
κ
d− 2
(
− iκ
2
)
ηµν k
σ
∫
∞
0
dt
∫
∞
0
dt′〈[pα x˙β(t′) + pβ x˙α]xσ(t)ei(p·kt+p·lt′)〉
= − m
2κ2
4(d− 2)
ηµν p(αkβ)
p · k p · (k + l)
≡ − m
2κ2
16(d − 2)
[
ηµν p(αkβ)
p · k p · (k + l) +
ηµν p(αlβ)
p · l p · (k + l) + (µν ↔ αβ)
]
. (A.28)
The reader may check that (E)–(B) and (E)–(D) do not give NE contributions. The
combination (E)–(C) gives
m2
2
κ
d− 2ηµν k
σ
(κ
2
pα pβ l
τ
)∫ ∞
0
dt
∫
∞
0
dt′ xσ xτ e
i(p·kt+p·lt′)
=
m2
4
κ2
d− 2
ηµν pα pβ k · l
p · k p · l p · (k + l)
≡ m
2
8
κ2
d− 2
[
ηµν pα pβ k · l
p · k p · l p · (k + l) + (µν ↔ αβ)
]
. (A.29)
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Figure 3: Graph used to check the one graviton emission vertex.
Finally one has (E)–(E) which gives
1
2
(
m2
2
κ
d− 2
)2
ηµν ηαβ k
σ lτ
∫
∞
0
dt
∫
∞
0
dt′ 〈xσ(t)xτ (t′)〉ei(p·kt+p·lt′)
=
m4κ2
8(d− 2)
ηµν ηαβ k · l
p · k p · l p · (k + l) . (A.30)
There is also a term in eq. (A.24) which has two powers of x. This gives a loop contribution
to the path integral
1
2
im2
4
κ
d− 2ηµν k
σ kτ
∫
∞
0
dteip·kt〈xσ(t)xτ (t)〉 = m
2
8
κ
d− 2ηµν
k2
(p · k)2 , (A.31)
where again the symmetry factor of 1/2 does not enter the Feynman rule due to the fact
that this term is quadratic in x.
This completes the calculation of all contributions to the x path integral up to NE
order. Collecting the results of eqs. (A.19, A.20, A.21, A.22, A.25, A.26, A.28, A.29, A.30,
A.31), one indeed finds that the external line factor is given by eq. (2.38).
B. Diagrammatic check of the NE Feynman rules
In this appendix, we cross-check the effective Feynman rules for graviton emission up to
next-to-eikonal order, using a diagrammatic approach. Our analysis is similar to that
presented in appendix B of [26], and rests upon the fact that the effective Feynman rules
must reproduce the known NE limit of an exact calculation which includes up to two
graviton emissions.
We begin by considering figure 3, which contains a single graviton emission from an
external line of momentum p. The exact Feynman rule for the graviton emission is given in
eq. (C.1), where p1 and p2 are the momenta to the left- and right-hand side of the vertex.
Given that this assumes all momenta are outgoing11, one must set p1 = −(p − k) and
p2 = p. Combined with the propagator for the internal graviton line, this gives a total
contribution
−κ
2
1
(p − k)2 +m2
(
(p− k)(µpν) +
2m2
d− 2ηµν
)
. (B.1)
11See also footnote 6 on p. 7.
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Figure 4: Graphs used to check the two graviton emission vertex.
Expanding this up to NE order gives
κ
2
pµ pν
p · k −
κ
4
p(µkν)
p · k +
m2
2
κ
d− 2
ηµν
p · k +
κ
4
pµ pν k
2
(p · k)2 +
m2
4
κ
d− 2ηµν
k2
(p · k)2 . (B.2)
This agrees with the results of eqs. (2.39) and (2.40).
To check the two-graviton vertex, we consider the graphs shown in figure 4. Firstly,
there is the graph of figure 4(a), consisting of two separate single graviton emissions. This
gives a contribution
κ2
4
[
(p − k − l)(µ(p− l)ν)
(p− k − l)2 +m2 +
2m2
d− 2
ηµν
(p− k − l)2 +m2
] [
(p− l)(αpβ)
(p− l)2 +m2 +
2m2
d− 2
ηαβ
(p− l)2 +m2
]
.
(B.3)
In checking the two graviton vertex, one may combine this graph with its counterpart
in which the gluon momenta are permuted, with a factor 1/2 to correct for the double
counting. The sum should then separate into a part which factorizes into products of
lower order emissions, and a non-factorizable remainder, which should agree with the two-
graviton vertex obtained using the path integral approach [26, 42]. The permuted graph
is shown in figure 4(b), and its contribution can be easily obtained from eq. (B.3) by
interchanging k and l.
There are two types of contribution in expanding the weighted sum of these graphs
to NE order. Firstly, there are terms which arise from expanding to O(k) or O(l) in the
numerator. Secondly, there are terms which result from expanding the denominators about
their eikonal limit i.e.
1
(p− k)2 +m2 = −
1
2p · k
[
1 +
k2
2p · k + . . .
]
, (B.4)
where the ellipsis denotes terms beyond the NE approximation. Considering first the
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numerator contributions, expanding eq. (B.3) and combining this with figure 4(b) gives
κ2
8
{[
pµ pν pα pβ
p · (k + l) −
(k + l)(µpν) pα pβ
2p · (k + l) +
m2
d− 2
(ηµν pα pβ + ηαβ pµ pν)
p · (k + l)
− m
2
2(d− 2)
ηαβ(k + l)(µpν)
p · (k + l) +
4m4
(d− 2)2
ηµν ηαβ
p · (k + l)
](
1
p · k +
1
p · l
)
− l(µpν) pα pβ
2p · (k + l) p · l
− k(µpν) pα pβ
2p · (k + l) p · k −
l(αpβ) pµ pν
2p · (k + l) p · l −
k(αpβ) pµ pν
2p · (k + l) p · k −
m2
2(d − 2)
ηαβ l(µpν)
p · l p · (k + l)
− m
2
2(d− 2)
ηαβ k(µpν)
p · k p · (k + l) −
m2
2(d− 2)
ηµν k(αpβ)
p · k p · (k + l) −
m2
2(d − 2)
ηµν l(αpβ)
p · l p · (k + l)
}
. (B.5)
The square-bracketed terms factorize upon application of the eikonal identity
1
p · (k + l)
(
1
p · k +
1
p · l
)
=
1
p · k p · l , (B.6)
to give products of lower order effective Feynman rules. Left are the non-factorizable
contributions
−κ
2
16
[
l(µpν) pα pβ
p · (k + l) p · l +
k(µpν) pα pβ
p · (k + l) p · k +
m2
d− 2
ηαβ l(µpν)
p · (k + l) p · l +
m2
d− 2
ηαβ k(µpν)
p · (k + l) p · k
+(µν ↔ αβ)
]
. (B.7)
These thus contribute to the effective two-graviton vertex.
Now considering the denominator terms in eq. (B.3) (together with the corresponding
result with k ↔ l), the NE terms from the m2-independent terms are
κ2
8
pµ pν pα pβ
p · (k + l)
{
(k + l)2
2p · (k + l)
(
1
p · k +
1
p · l
)
+
k2
2(p · k)2 +
l2
2(p · l)2
}
, (B.8)
which can be rearranged to give
+
κ2
16
pµ pν pα pβ
p · l
k2
(p · k)2 +
κ2
16
pµ pν pα pβ
p · k
l2
(p · l)2 +
κ2
8
pµ pν pα pβ k · l
p · k p · l p · (k + l) . (B.9)
The first two terms have factorized into products of lower order effective Feynman rules.
The final term, however, is non-factorizable and hence contributes to the effective two-
graviton vertex.
Now considering the m2-dependent denominator contributions, these are given by
(keeping only NE terms)
κ2
8
{[
m2
d− 2
(ηµν pα pβ + ηαβ pµ pν)
p · (k + l)p · l +
m4
(d− 2)2
ηµν ηαβ
p · (k + l) p · l
](
(k + l)2
2p · (k + l) +
l2
2p · l
)
+(k ↔ l)
}
. (B.10)
Rearranging and keeping non-factorizable terms only, one finds
κ2m2
8(d− 2)
(ηµν pα pβ + ηαβ pµ pν)k · l
p · k p · l p · (k + l) +
κ2m4
8(d− 2)2
ηµν ηαβ k · l
p · k p · l p · (k + l) . (B.11)
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Figure 5: (a) Example vertex function involving two outgoing particles; (b) Series of diagrams
involving all possible placements of an extra graviton.
Finally, there is the graph of figure 4(c), which is given by the exact two-graviton
vertex [1]
κ2m2
2(d − 2)
[
ηµα ηνβ + ηµβ ηνα − 2
d− 2ηµν ηαβ
]
. (B.12)
combined with an eikonal propagator, to give
− κ
2m2
4(d− 2)
1
p · (k + l)
[
ηµα ηνβ + ηµβ ηνα − 2
d− 2ηµν ηαβ
]
. (B.13)
Adding this to the non-factorizable contributions from eqs. (B.7, B.9, B.11), one finds
a total effective two-graviton vertex at NE order that is equal to that presented in eq (2.41)
(obtained from the path integral approach). One could of course have used the diagram-
matic method of this appendix to derive the NE vertices in the first place, without relying
on the path integral approach. However, there is then no proof that the effective Feynman
rules hold to all orders in the perturbation expansion i.e. that they are genuine Feynman
rules12. This latter point is made manifest by the path integral method.
C. Diagrammatic derivation of eq. (3.11) for internal emissions
In this appendix, we give an example of how eq. (3.11) (which expresses how the subam-
plitude for soft graviton emission from within the hard interaction can be related to the
hard interaction with no additional emission) can be derived from a traditional Feynman
diagram calculation.
We start with the vertex function shown in figure 5(a) with two external scalar parti-
cles, which in figure 5(b) is dressed by an additional graviton emission in all possible places.
For simplicity, we deal with the case of massless external particles. The vertex with no
emission can then only depend on the invariant p1 · p2, and we denote this by Γ(p1, p2).
The full Feynman rule for emission of a graviton from a scalar is given by [1]
κ
2
(
p1µ p2ν + p1ν p2µ − 2
d− 2m
2ηµν
)
(C.1)
12An all order diagrammatic proof of the NE Feynman rules in QED and QCD has been given in [42].
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in the weak field approximation of eq. (2.4). For m = 0 the vertex function including an
extra graviton emission (from figure 5(b)) is then
Γµν =
κ
2
[
p1µ(p1 − k)ν + (p1 − k)µp1ν
−2p1 · k Γ[(p1 − k) · p2]
+
p2µ(p2 − k)ν + (p2 − k)µp2ν
−2p2 · k Γ[p1 · (p2 − k)]
]
+ Γint.µν , (C.2)
where Γint.µν represents the contribution from the internal emission graph. It will be conve-
nient to symmetrize on both sides, defining Γ¯µν = Γµν +Γνµ (and likewise for Γ
int.
µν ). Then
eq. (C.2) can be rewritten
1
2
Γ¯µν =
κ
2
[
p1µ(p1 − k)ν + (p1 − k)µp1ν
−2p1 · k Γ[(p1 − k) · p2]
+
p2µ(p2 − k)ν + (p2 − k)µp2ν
−2p2 · k Γ[p1 · (p2 − k)]
]
+
1
2
Γ¯int.µν , (C.3)
Expanding this to first order in k gives
1
2
Γ¯µν =
κ
2
[
p1µp1ν
−p1 · k
(
Γ− p2 · k ∂Γ
∂p1 · p2
)
+
p2µp2ν
−p2 · k
(
Γ− p1 · k ∂Γ
∂p1 · p2
)
p1(µkν)
2p1 · k Γ +
p2(µkν)
2p2 · k Γ
]
+
1
2
Γ¯int.µν , (C.4)
where Γ ≡ Γ(p1 · p2), and we have used the notation pi(µkν) = piµkν + piνkµ. One may now
use the gravitational Ward identity [74]
kµΓ¯µν = 0 (C.5)
(which follows from general coordinate invariance) as well as the on-shell condition for the
emitted graviton (k2 = 0) to find
1
2
kµΓ¯int.µν +
κ
2
[
−p1ν
(
Γ− p2 · k ∂Γ
∂p1 · p2
)
− p2ν
(
Γ− p1 · k ∂Γ
∂p1 · p2
)]
= 0. (C.6)
The zeroth order term vanishes from momentum conservation (p1+p2 = 0). Also, one may
identify
p2µ
∂Γ
∂p1 · p2 =
∂Γ
∂pµ1
, p1µ
∂Γ
∂p1 · p2 =
∂Γ
∂pµ2
, (C.7)
so that eq. (C.6) becomes
Γ¯int.µν = −κ
[
p1ν
∂Γ
∂pµ1
+ p2ν
∂Γ
∂pµ2
]
. (C.8)
This is indeed a special case of eq. (3.11) for internal emission graphs.
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